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Abstract 

We consider two theorems formulated in the derivation of the Quan- 
tum Hamilton-Jacobi Equation from the EP. The first one concerns 
the proof that the cocycle condition uniquely defines the Schwarzian 
derivative. This is equivalent to show that the infinitesimal varia- 
tion of the stress tensor "exponentiates" to the Schwarzian derivative. 
The cocycle condition naturally defines the higher dimensional version 
of the Schwarzian derivative suggesting a role in the transformation 
properties of the stress tensor in higher dimensional CFT. The other 
theorem shows that energy quantization is a direct consequence of 
the existence of the quantum Hamilton-Jacobi equation under dual- 
ity transformations as implied by the EP. 



1 HJ Equation and Coordinate Transforma- 
tions 



Let us consider the Hamilton-Jacobi (HJ) equation for a one dimensional sys- 
tem. This is obtained by considering the canonical transformation (q,p) — > 
(Q, P) leading to a vanishing Hamiltonian 

H = . 



The old and new momenta are expressed in terms of the generating function 
of such a transformation, the Hamilton's principal function 

dS d dS d . 

P = ^i> P = cnst = - — \ Q = cnst , 

that satisfies the classical HJ equation 

/ dS d \ dS d 

-aH + -er = °- 

In the case of a time independent potential the time dependence in the Hamil- 
ton's principal function S cl is linear, that is 

S d (q,Q,t)=S d (q,Q)-Et, 

where E denotes the energy of the stationary state. It follows that S d , called 
Hamilton's characteristic function or reduced action, satisfies the Classical 
Stationary HJ Equation (CSHJE) 



that is (W(q) = V(q) - E) 



1 (dS d \ 2 



2m \ dq 



W = . 
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Following PP we now consider a similar question to that leading to the 
CSHJE but starting with 

_ dSg 
^ dq 

rather than with p and q considered as independent variables. More pre- 
cisely, given a one dimensional system, with time-independent potential (the 
higher dimensional time-dependent case is considered in [2J) we look for the 
coordinate transformation q qo such that 

S*{q) C °-tll?^- s*°(qo), (1) 

with SQ lo (qo) denoting the reduced action of the system with vanishing Hamil- 
tonian. Note that in we required that this transformation be an invertible 
one. This is an important point since by compositions of the maps it fol- 
lows that if for each system there is a coordinate transformation leading 
to the trivial state, then even two arbitrary systems are equivalent under 
coordinate transformations. Imposing this apparently harmless analogy im- 
mediately leads to rather peculiar properties of Classical Mechanics (CM). 
First, it is clear that such an equivalence principle cannot be satisfied in CM, 
in other words given two arbitrary systems a and b, the condition 

S c lb (q b )=S^(q a ) , (2) 

cannot be generally satisfied. In particular, since 

So°(Qo) = cnst , 

it is clear that Q is a degenerate transformation. However, in principle, 
by itself the failure of (0) for arbitrary systems would be a possible natural 
property. Nevertheless, a more careful analysis shows that such a failure is 
strictly dependent on the choice of the reference frame. This is immediately 
seen by considering two free particles of mass m a and m b moving with relative 
velocity v. For an observer at rest with respect to the particle a the two 
reduced actions are 

So a {q a ) = cnst , S$ b (q b ) = m b vq b . 
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It is clear that there is no way to have an equivalence under coordinate 
transformations by setting SQ lb (q b ) = S^ la (q a ). This means that at the level 
of the reduced action there is no coordinate transformation making the two 
systems equivalent. However, note that this coordinate transformation exists 
if we consider the same problem described by an observer in a frame in which 
both particles have a non-vanishing velocity so that the two particles are 
described by non-constant reduced actions. Therefore, in CM, it is possible 
to connect different systems by a coordinate transformation except in the case 
in which one of the systems is described by a constant reduced action. This 
means that in CM equivalence under coordinate transformations is frame 
dependent. In particular, in the CSHJE description there is a distinguished 
frame. This seems peculiar as on general grounds what is equivalent under 
coordinate transformations in all frames should remain so even in the one at 
rest. 



2 The Equivalence Postulate 

The above investigation already suggests that the concept of point particle 
itself cannot be consistent with the equivalence under coordinate transfor- 
mations. In particular, it suggests that the system where a particle is at rest 
does not exist at all. If this would be the case, then the above critical situa- 
tion would not occur simply because the reduced action is never a constant. 
This should reflect in two main features. First the classical concept of point 
particle should be reconsidered, secondly the CSHJE should be modified ac- 
cordingly. A natural suggestion would be to consider particles as a kind of 
string with a lower bound on the vibrating modes in such a way that there is 
no way to define a system where the particle is at rest. It should be observed 
that this kind of string may differ from the standard one, rather its nature 
may be related to the fact that in general relativity is impossible to define 
the concept of relative stability of a system of particles. 

We now start imposing the equivalence under coordinate transformations. 
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The key point is to consider, like in general relativity, the (analogous of the) 
reduced action as a scalar field under coordinate transformations. 

We postulate that for any pair of one-particle states there exists a field 
So such that 

S*(q b ) = S a (q a ) , (3) 

is well defined. We also require that in a suitable limit S reduces to Sff. 
Eq.® can be considered as the scalar hypothesis. Since the conjugate mo- 
mentum is defined by 

it follows by Q that the conjugate momenta p a and p b are related by a 
coordinate transformation 

V\ = A/P] , (4) 
where A/ = dqi/dql- Note that we have the invariant 

P b M = P a M ■ (5) 

Since (JHJ) holds for any pair of one-particle states, we have Det A(q) ^ 0, Vg. 

The scalar hypothesis Q implies that two one-particle states are always 
connected by a coordinate transformation, for such a reason we may equiva- 
lently consider Q as imposing an Equivalence Postulate (EP) . In particular, 
while in arbitrary dimension the coordinate transformation is given by im- 
posing (J3J), in the one dimensional case the scalar hypothesis immediately 
leads to 

& = St -1 o S5(q tt ) • 

We now consider the consequences of the EP Q . Let us denote by TC the 
space of all possible W = V — E. We also call ^-transformations the ones 
leading from a system to another. Eq.fjHJ) is equivalent to require that 

For each pair W a , W b G 7i, there is a v -transformation such that 

W a (q) — > W av (q v ) = WV) • (6) 
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This implies that there always exists the trivializing coordinate go f° r which 
W(g) — ► W°(g ), where 

W°(g ) = . 

In particular, since the inverse transformation should exist as well, it is clear 
that the trivializing transformation should be locally invertible. We will also 
see that since classically W° is a fixed point, implementation of (jHJ) requires 
that W states transform inhomogeneously. 

The fact that the EP cannot be consistently implemented in CM is true 
in any dimension. To show this let us consider the coordinate transformation 
induced by the identification 

S^(q v )=S$(q). (7) 

Then note that the CSHJE 

^E(^A c W + M<?) = o, (8) 

k=l 



provides a correspondence between W and Sq that we can use to fix, by 



consistency, the transformation properties of W induced by that of Sq. In 



particular, since Sq (q v ) must satisfy the CSHJE 

D 



^TXd qk ,St(q v )) 2 + W v (q v ) = , (9) 
by (JTj) we have 

asg"V) _ At ds c l (g) 

Let us set [f\p) = p*A*Ap/p*p- By ©-(HH, we have W(q) — > W v (q v ) = 
(p v \p)W(q), so that 

W°(g ) — > W v (q v ) = (p v \p°)W (q ) = . 

Thus we have 
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W states transform as quadratic differentials under classical v-maps. It fol- 
lows that W° is a fixed point in 7i. Equivalently, in CM the space Ti. cannot 
be reduced to a point upon factorization by the classical v -transformations. 
Hence, the EP (OJ) cannot be consistently implemented in CM. This can be 
seen as the impossibility of implementing covariance of CM under the coor- 
dinate transformation defined by 

It is therefore clear that in order to implement the EP we have to deform 
the CSHJE. As we will see, this requirement will determine the equation for 
S . 

In Ref. P the function To(p), defined as the Legendre transform of the 
reduced action, was introduced 

%{p) = Q k Pk - S (q), S (q) = p k q h ~ %(p) ■ 

While So(q) is the momentum generating function, its Legendre dual %{p) 
is the coordinate generating function 

dS d% 
Pk — — , q k — ^ — • 
oq k opk 

Note that adding a constant to Sq does not change the dynamics. Then, the 
most general differential equation So should satisfy has the structure 

F(yS ,AS o ,...) = 0. (11) 
Let us write down Eq.([ll|) in the general form 

^ J2(d qk S (q)) 2 + W(q) + Q{q) = . 

The transformation properties of W + Q under the f-maps are determined 
by the transformed equation 

±- J2(d qk ^( q v )) 2 /2m + W v (q") + Q v (q v ) = , (12) 
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so that 

W v (q v ) + W) = (p°\p) [W(g) + Q(g)] • (13) 

A basic guidance in deriving the differential equation for So is that in 
some limit it should reduce to the CSH JE. In [l j 2J [3j it was shown that the 
parameter which selects the classical phase is the Planck constant. Therefore, 
in determining the structure of the Q term we have to take into account that 
in the classical limit 

limQ = 0. (14) 
h — >o 

The only possibility to reach any other state W v 7^ starting from W° 
is that it transforms with an inhomogeneous term. Namely as W° — > 
W v (q v ) 7^ 0, it follows that for an arbitrary W a state 

W v (q v ) = (p v \p a )W a (qa) + (q a ,q v ) , (15) 

and by (fTSj) 

Q v (q v ) = (p V \p a )Q a (q a )-(da,q v ) ■ (16) 

Let us stress that the purely quantum origin of the inhomogeneous term 
(q a ; q v ) is particularly transparent once one consider the compatibility be- 
tween the classical limit (j!4|) and the transformation properties of Q in 
Eq.flHU). 

The W° state plays a special role. Actually, setting W a = W° in Eq. (J15J) 
yields 

W(q v ) = (Qoiq v ), 

so that, according to the EP ©, all the states correspond to the inhomoge- 
neous part in the transformation of the W° state induced by some f-map. 
Let us denote by a,b,c, . . . different f-transformations. Comparing 

W\q b ) = (p b \p a )W a (q a ) + {q a ; q b ) = (g ; q b ) , (17) 

with the same formula with q a and q b interchanged we have 

(q b ;qa) = -(p a \p b )(qa;q b ) , (18) 
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in particular (q; q) = More generally, imposing the commutative diagram 
of maps 

B 

/ \ 
A — > C 

that is comparing 

= (p b \p c )W c (q c ) + (q c ; q b ) = (p b \p a )W a (q a ) + (p b \p c )(q a , q c ) + <fo) , 
with (|T7|) . we obtain the basic cocycle condition 

(?»; g c ) = (pV) g 6 ) + (g 6 ; &)] , (19) 

which expresses the essence of the EP. In the one dimensional case we have 

(? ; ?c) = {d qc q b ) 2 (q a ; qb) + (qb, q c ) ■ (20) 

It is well-known that this is satisfied by the Schwarzian derivative. However, 
it turns out that it is essentially the unique solution. More precisely, we have 

HI 

Theorem 1. Eq.§l\)\ defines the Schwarzian derivative up to a multiplicative 
constant and a coboundary term. 

Since the differential equation for So should depend only on d^So, k > 1, it 
follows that the coboundary term must be zero, so that PQ 

(q a ;qb) = -j—{q a ,qb} , 

where {/(<?), <?} = /"'//' — 3(/"//') 2 /2 is the Schwarzian derivative and (3 
is a nonvanishing constant that we identify with h. As a consequence, Sq 
satisfies the Quantum Stationary Hamilton-Jacobi Equation (QSHJE) [I] 

±(?m)\ v(g) - E+ *. {So , g) , . (21) 
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Note that if; = S'~ 1/2 (Ae~ 

| 5 o _|_ B e k s °J solves the Schrodinger Equation 

(SE) 

( h 2 d 2 \ 

{-z^nW- + v )^ E ' | •■ (22) 

The ratio w = tp D /tp, where ip D and ip are two real linearly independent so- 
lutions of (J22|) is, in deep analogy with uniformization theory, the trivializing 
map transforming any W to W° = pQ [3] . This formulation, proposed in col- 
laboration with Faraggi, extends to higher dimension and to the relativistic 
case as well 

Let q~/+ be the lowest /highest q for which W(q) changes sign, we have 

m 



Theorem 2. If 



P 2 > , q < q- 
P 2 >0, q> q+ , 



V(Q)-E>{ ^ 2 _' (23) 



then w is a local self-homeomorphism o/R = RU {oo} if and only if Eg. (|22j) 
has an L 2 (R) solution. 

The crucial consequence is that since the QSHJE is defined if and only if 
w is a local self-homeomorphism of R, it follows that the QSHJE by itself 
implies energy quantization. We stress that this result is obtained without 
any probabilistic interpretation of the wave function. 



3 Proof of Theorem 1 

The main steps in proving theorem 1 are two lemmas jT]. Let us start ob- 
serving that if the cocycle condition (j2"Uj) is satisfied by (f(q); q), then this is 
still satisfied by adding a coboundary term 

(f(q); q) — (/(<?); q) + (d q f) 2 G(f(q)) - G(q) . (24) 

Since (Aq; q) evaluated at q = is independent of A, we have 

= (q; q) = (q; q)\ q =o = (Aq; q)\ q=0 ■ (25) 
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Therefore, if both (/(g); g) and satisfy fl2DJ, then G(0) = 0, which is the 
unique condition that G should satisfy. We now use (fTTj) to fix the ambiguity 
(124)1 . First of all observe that the differential equation we are looking for is 

(q ;q)=W(q) . (26) 

Then, recalling that go — <~>o 1 ° <^o(g) ; we see that a necessary condition to 
satisfy (Jllj) is that (go; q) depends only on the first and higher derivatives of 
go- This in turn implies that for any constant B we have (q a + B; q b ) = (g a ; q b ) 
that, together with (jTSjl . gives 

(g a + 5; q b ) = (g a ; g 6 ) = (g a ; g b + 5) . (27) 

Let A be a non-vanishing constant and set h(A,q) = (Aq\q). By (|27)1 we 
have h(A, q + B) = h(A, q), that is h(A, q) is independent of q. On the other 
hand, by fl25J) ft, (A, 0) = that, together with (fTSjl. implies 

(Ag;g) = = (g;Ag) . (28) 

Eq.® implies (g ; Ag b ) = A~ 2 ((q a , q b ) - (Aq b ; q b )), so that by (2EJ) 

(g Q ;Ag fe ) = A" 2 (g a ;g b ) . (29) 

By Jig) and (J2U) we have 

(Ag a ;g 6 ) = -A~ 2 (d qb q a ) 2 (q b ; Aq a ) = -(d qb q a ) 2 (q b ; q a ) = (g a ; q b ) , 

that is 

(Aq a ; q b ) = (q a ; q b ) . (30) 

Setting /(g) = g~ 2 (g;g _1 ) and noticing that by (fTS|) and (|30jl f(Aq) = 
~ f(l 1 ); we obtain 

(g;g- 1 ) = = (g- 1 ;g) . (31) 

Furthermore, since by ()2(J|1 and (|31jl one has (g^g^ -1 ) = QbiQa'iQb), it follows 
that 

(9a 1 ! Qb) = - (d qb Qa 1 ) 2 [Qb] Qa 1 ) = - (d qt q a ) 2 (g&; Qa) = (g a | 9b) , 
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so that 

(^a 1 ; Qb) = = % 4 (g a ; % x ) • (32) 

Since translations, dilatations and inversion are the generators of the Mobius 
group, it follows bv (|27jl lj23|) pty and that 

Lemma l.C/p to a coboundary term, Eq. i\20^ implies 

(l(q a );qb) = (q a ;qb) , 

(Qa,n/(qb)) = (d qb l(qb))~ 2 (q a ;qb) , 
where 7(g) is an arbitrary PSL(2,C) transformation. 

Now observe that since (q a ; qb) should depend only on dg b q a , k > 1, we have 

(q + ef(q);q) = c 1 ef^(q) + 0(e 2 ) , (33) 

where q a = q + ef(q), q = qb and p k ' = d k f, k > 1. Note that by lemma 1 
and (J33J) 

(Ag + eA/(g);Ag) 

= (g + ef(q); Aq) = A~ 2 (q + ef(q); q) = A~V/ ( %) + 0(e 2 ) , (34) 
on the other hand, setting F(Aq) = Af(q), by (J33|) 

(Ag + eA/(g);Ag) 

= (A? + eF(Ag); Aj) = Cl ed k Aq F(Aq) + 0(e 2 ) = A^ef^q) + 0(e 2 ) , 

that compared with (|34j) gives k = 3. The above scaling property generalizes 
to higher order contributions in e. In particular, at order e n the quantity 
[Aq + eAf(q); Aq) is a sum of terms of the form 

c h ... ln dXeF(Aq) ■ ■ ■ d%eF(Aq) = c n ... ln e n A n -^f^\q) ■ ■ ■ f<M(q) , 

and by Sfc=i *fc = n + 2. On the other hand, since (q a ; qb) depends only 
on dq b q a , k > 1, we have 

4 > 1 , k e [l,n] , 
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so that either 

k = 3 , ij = 1 , je[l,n] , j 7^ k , 

or 

z fe = ij = 2 , ij = 1 , / G [1, n] , l^k,l^j. 

Hence 

oo 

(? + ?) = E ^ (Cnf^f^ 1 + rfn/ (2) V (1) "" 2 ) , dl = • (35) 

n=l 

Let us now consider the transformations 

g fe = ^ a (g a ) , q c = v c \q b ) = v cb o v ba (q a ) , q c = v ca (q a ) . 
Note that v ab = v ha ~\ and 

v ca = v cb o v ba . (36) 

We can express these transformations in the form 

q b = q a + e ba (q a ) , 

q c = q b + e cb (q b ) = q b + e cb (q a + e ba (q a )) , (37) 
g c = q a + e ca (q a ) . 

Since q b = q a — e ab (q b ), we have q b = q a — e ab (q a + e ba (q a )) that compared with 
Qb = Qa + e ba (q a ) yields 

e ba + e ab o (1 + e ba ) = , 
where 1 denotes the identity map. More generally, Eq.(|37|) gives 

e ca (q a ) = e cb (q b ) + e ba (q a ) = e cb (q b ) - e ab (q b ) , 
so that we obtain flU with v yx = 1 + e yx 

= e cb o (1 + e ba ) + e ba = (1 + e cb ) o (1 + e ba ) - 1 . (38) 
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Let us consider the case in which e yx (q x ) = €f yx (q x ), with e infinitesimal. At 
first-order in e Eg. ([38]) reads 

e ca = e cb + e ba , (39) 

in particular, e ab = —e ba . Since (q a ; q b ) = Ci€ ab '"(q b ) + O ab (e 2 ), where ' denotes 
the derivative with respect to the argument, we can use the cocycle condition 
(EDI) to get 

Cl e ac '"(q c ) + O ac (e 2 ) 

= (1 + e bc '(q c )) 2 ( Cl e ab "\q b ) + O ab (e 2 ) - Cl e cb "\q b ) - O cb (e 2 )) , (40) 

that at first-order in e corresponds to ([39p. We see that C\ ^ 0. For, if 
Ci = 0, then by ()40p. at second-order in e one would have 

O ac (e 2 ) = O ab (e 2 ) - O cb (e 2 ) , (41) 

which contradicts (j2HJ)- In fact, by ([33]) we have 

O ab (e 2 ) = c 2 e ab "\q b )e ab \q b ) + d 2 e ab "\q b ) + O ab (e 3 ) , 

that together with ([41]) provides a relation which cannot be consistent with 
e ac (q c ) = e ab (q b ) — e cb (q b ). A possibility is that {q a ]qb) = 0. However, this is 
ruled out by the EP, so that 

Higher-order contributions due to a non-vanishing C\ are obtained by using 
q c = q b + e cb (q b ) , e ac (q c ) = e ab (q b ) - e cb (q b ) , 

and e bc (q c ) = —e cb (q b ) in Cidg c e ac (q c ) and in 

Cl (2d q /\q c ) + d q /\q c f) dl (e ab (q b ) - e cb (q b )) . 

Note that one can also consider the case in which both the first- and second- 
order contributions to (g a ; q b ) are vanishing. However, this possibility is ruled 
out by a similar analysis. In general, one has that if the first non-vanishing 
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contribution to (q a ; q b ) is of order e n , n > 2, then, unless (q a ; q b ) = 0, the 
cocycle condition (J2Uj) cannot be consistent with the linearity of (|39|) . Observe 
that we proved that c\ 7^ is a necessary condition for the existence of 
solutions (q a ',qb) of the cocycle condition (j2"Uj) . depending only on the first 
and higher derivatives of q a . Existence of solutions follows from the fact that 
the Schwarzian derivative {q a , q b } solves (J2U|) and depends only on the first 
and higher derivatives of q a . 

The fact that C\ = implies (q a ; q b ) = 0, can be also seen by explicitly 
evaluating the coefficients c n and d n . These can be obtained using the same 
procedure considered above to prove that C\ 7^ 0. Namely, inserting the 
expansion (JHo"]) in (j2"Uj) and using q c = qb + £ cb (qb), e ac (<?c) = £ ab (qb) — £ cb (qb) 
and e bc (q c ) = —e cb (qb), we obtain 

c n = {-l) n - l c x , d n = ^(-l) n - l (n - l)c x , (42) 

which in fact are the coefficients one obtains expanding c\{q + ef(q),q}. 
However, we now use only the fact that C\ 7^ 0, as the relation (q + ef(q); q) = 
Ci{q+ef(q), q} can be proved without making the calculations leading to (|4^j) . 
Summarizing, we have 

Lemma 2. If 

qa = q b + e ab (q b ) , 

the unique solution of Eg. (J2"U|) . depending only on the first and higher deriva- 
tives of q a , is 

(q a ,qb) = c 1 e ab "'(q b ) + O ab (e 2 ) , c x ± . 



It is now easy to prove that, up to a multiplicative constant and a 
coboundary term, the Schwarzian derivative is the unique solution of the 
cocycle condition (f2*U|) . Let us first note that 

[Q a \qb] = (q a ;qb) - ci{g a ;g b } , 



14 



satisfies the co cycle condition 

[la] q c ] = (d qc q b ) 2 ([q a ] Qb] - [q c ] Ob]) ■ 

In particular, since both (q a ; q b ) and {q a ; q b } depend only on the first and 
higher derivatives of q a , we have, as in the case of (q + e/(g); q), that 

[q + ef(q);q} = 5 1 ef^(q) + 0(e 2 ) , 

where either c.\ 7^ or [q + ef(q);q\ = 0. However, since {q + ef(q);q} = 
ef ( - 3 \q) + 0(e 2 ) and (q + ef(q);q) = ef^(q)+0(e 2 ), we have c x = and the 
Lemma yields [q + e/(g); q] = 0. Therefore, we have that the EP univocally 
implies that 

f3 2 

(q a ;qb) = -j—{q a ,qb} , 

where for convenience we replaced c\ by —/3 2 /4m. This concludes the proof 
of theorem 1. 

We observe that despite some claims ;5j, we have not be able to find 
in the literature a complete and close proof of the above theorem (see also 
[H]). We thank D.B. Fuchs for a bibliographic comment concerning the above 
theorem. 

In deriving the equivalence of states we considered the case of one-particle 
states with identical masses. The generalization to the case with different 
masses is straightforward. In particular, the right hand side of Eq. (j20j) gets 
multiplied by m^/ma, so that the cocycle condition becomes 

m a (q a ; q c ) = m a (d qc q b ) 2 (q a ; q b ) + m b (q b ; q c ) , 

explicitly showing that the mass appears in the denominator and that it 
refers to the label in the first entry of (■ ; •), that is 

h 2 

(q a ] qb) = _ ^-{?»; lb} ■ (43) 
The QSHJE (JSJ) follows almost immediately bv (gHD H- 
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The above investigation may be applied to CFT. Let us consider a local 
conformal transformation of the stress tensor in a 2D CFT. The infinitesimal 
variation of T is given by 

5 t T(w) = -^cd 3 w e(w) - 2T(w)d w e(w) - e(w)d w T(w) , (44) 

where c is the central charge. The finite version of such a transformation is 

f(w) = (d w z) 2 T(z) + ^{w,z} . (45) 

While it is immediate to see that (|43j) implies (|44p. the viceversa is not 
evident. A possible way to prove (}4T)|) is just to set 

f(w) = (d w z) 2 T(z) + k(w; z) , (46) 

and then to impose the cocycle condition which will show that (w; z) is 
proportional to {w,z}. Comparison with the infinitesimal transformation 
(pHj) fixes the constant k. 

In [2] it has been shown that the cocycle condition fixes the higher dimen- 
sional version of the Schwarzian derivative. In this respect we observe that its 
definition seems an open question in mathematical literature. While in the 
one dimensional case the QSHJE reduces to a unique differential equation, 
this is not immediate in the higher dimensional case. However, it turns out 
that such a reduction exists upon introducing an antisymmetric tensor j2] (in 
this respect it is worth noticing that some author introduces a connection to 
define the higher dimensional Schwarzian derivative). 

A basic feature of the cocycle condition is that it implies, as it should, 
the higher dimensional Mobious invariance with respect to q a in (q a ; (with 
similar properties with respect to q^) . In particular, in |2j it has been shown 
that 



2 r A a R a A b R b 



(p b \p a : 



(47) 



R a R b 

It would be interesting to consider such a definition in the context of the 
transformation properties of the stress tensor in higher dimensional CFTs. 
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4 Proof of Theorem 2 



The QSHJE is equivalent to 

4-T77 

{w,q} = - w W(q) , (48) 

where w = ip D /ifj with ip D and if> two real linearly independent solutions of 
the Schrodinger equation. Existence of this equation requires some conditions 
on the continuity properties of w and its derivatives. Since the QSHJE is the 
consequence of the EP, we can say that the EP imposes some constraints on 
w = ip D /if). These constraints are nothing but the existence of the QSHJE 
()21|) or, equivalently, of Eq.()48|). That is, implementation of the EP imposes 
that {w, q} exists, so that 

w 7^ cnst, w G C 2 (R) and d 2 w dif ferentiable on M. . (49) 

These conditions are not complete. The reason is that, as we have seen, 
the implementation of the EP requires that the properties of the Schwarzian 
derivative be satisfied. Actually, its very properties, derived from the EP, led 
to the identification (q a ; qb) = —h 2 {q a , qb} /Am. Therefore, in order to imple- 
ment the EP, the transformation properties of the Schwarzian derivative and 
its symmetries must be satisfied. In deriving the transformation properties of 
(q a ; qb) we noticed how, besides dilatations and translations, there is a highly 
non-trivial symmetry such as that under inversion. Therefore, we have that 
(}4*Hj) must be equivalent to 

4-777 

{w-\q} = - w W{q) . 
A property of the Schwarzian derivative is duality between its entries 

{w,q} = -^\ {q,w}. (50) 

This shows that the invariance under inversion of w reflects in the invariance, 
up to a Jacobian factor, under inversion of q. That is {w,q~ 1 } = q A {w,q}, 
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so that the QSHJE (J48|) can be written in the equivalent form 

{w, q - 1 } = - w q i W( q ) . (51) 

In other words, starting from the EP one can arrive to either Eq . (J48|) or 
Eq. (|5*T]) . The consequence of this fact is that since under 

1 

q 

0^ maps to ±oo, we have to extend (jHH) to the point at infinity. In other 
words, (j4T?j) should hold on the extended real line R = R U {oo}. This 
aspect is related to the fact that the Mobius transformations, under which 
the Schwarzian derivative transforms as a quadratic differential, map circles 
to circles. We stress that we are considering the systems defined on R and 
not R. What happens is that the existence of the QSHJE forces us to impose 
smoothly joining conditions even at ±oo, that is (|4T)j) must be extended to 

w ytz cnst, w e C 2 (R) and <9 2 u> dif ferentiable on R . (52) 

One may easily check that w is a Mobius transformation of the trivializing 
map PP. Therefore, Eq.(jSU|), which is defined if and only if w(q) can be 
inverted, that is if d q w ^ 0, Vg G M, is a consequence of the cocycle condition 
(I19|) . By (J51|) we see that also local univalence should be extended to R. This 
implies the following joining condition at spatial infinity 

J w(+oo) , for w(-oo) i- ±oo , 
w(-oo) = 1 (53) 
I — w{+oo) , tor w{— oo) = ±oo . 

As illustrated by the non-univalent function w = q 2 , the apparently natural 
choice w(— oo) = w(+oo), one would consider also in the w(— oo) = ±oo 
case, does not satisfy local univalence. 

We saw that the EP implied the QSHJE (j21j) . However, although this 
equation implies the SE, we saw that there are aspects concerning the canon- 
ical variables which arise in considering the QSHJE rather than the SE. In 
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this respect a natural question is whether the basic facts of QM also arise in 
our formulation. A basic point concerns a property of many physical systems 
such as energy quantization. This is a matter of fact beyond any interpre- 
tational aspect of QM. Then, as we used the EP to get the QSHJE, it is 
important to understand how energy quantization arises in our approach. 
According to the EP, the QSHJE contains all the possible information on 
a given system. Then, the QSHJE itself should be sufficient to recover the 
energy quantization including its structure. In the usual approach the quan- 
tization of the spectrum arises from the basic condition that in the case in 
which lim^ioo W > 0, the wave-function should vanish at infinity. Once 
the possible solutions are selected, one also imposes the continuity conditions 
whose role in determining the possible spectrum is particularly transparent in 
the case of discontinuous potentials. For example, in the case of the potential 
well, besides the restriction on the spectrum due to the L 2 (M) condition for 
the wave-function (a consequence of the probabilistic interpretation of the 
wave-function), the spectrum is further restricted by the smoothly joining 
conditions. Since the SE contains the term d^ip, the continuity conditions 
correspond to an existence condition for this equation. On the other hand, 
also in this case, the physical reason underlying this request is the inter- 
pretation of the wave-function in terms of probability amplitude. Actually, 
strictly speaking, the continuity conditions come from the continuity of the 
probability density p = \if)\ 2 - This density should also satisfy the continuity 
equation d t p + d q j = 0, where j = iTii^pdqij) — ipOqip) /2m. Since for sta- 
tionary states dtp = 0, it follows that in this case j = cnst. Therefore, in 
the usual formulation, it is just the interpretation of the wave-function in 
terms of probability amplitude, with the consequent meaning of p and j, 
which provides the physical motivation for imposing the continuity of the 
wave-function and of its first derivative. 

Now observe that in our formulation the continuity conditions arise from 
the QSHJE. In fact, (|52jl implies continuity of ip D , ip, with d q ip D and d q ip 
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differentiable, that is 



EP 



(ip D , ip) continuous and (ip D , ?/>') dif ferentiable . 



(54) 



In the following we will see that if V(q) > E, Vq G R, then there are 
no solutions such that the ratio of two real linearly independent solutions 
of the SE corresponds to a local self-homeomorphism of R. The fact that 
this is an unphysical situation can be also seen from the fact that the case 

V > E, Vg G R, has no classical limit. Therefore, if V > E both at — oo and 
+00, a physical situation requires that there are at least two points where 

V — E = 0. More generally, if the potential is not continuous, V(q) — E 
should have at least two turning points. Let us denote by g_ (q + ) the lowest 
(highest) turning point. Note that by (J2*3"j) we have 



where k = y2m(V — E)/h. Before going further, let us stress that what we 
actually need to prove is that, in the case (f2~3"|) . the joining condition (|5T?|) 
requires that the corresponding SE has an L 2 (R) solution. Observe that while 
(152}) . which however follows from the EP, can be recognized as the standard 
condition (|54j) . the other condition (J53|) . which still follows from the existence 
of the QSHJE, and therefore from the EP, is not directly recognized in the 
standard formulation. Since this leads to energy quantization, while in the 
usual approach one needs one more assumption, we see that there is a quite 
fundamental difference between the QSHJE and the SE. We stress that (}52|) 
and (|5H|) guarantee that w is a local self-homeomorphism of R. 

Let us first show that the request that the corresponding SE has an L 2 (R) 
solution is a sufficient condition for w to satisfy ([53)1 . Let ip G L 2 (R) and 
denote by ip D a linearly independent solution. As we will see, the fact that 
ip D gfc tp implies that if ip G L 2 (R), then ip D ^ L 2 (R). In particular, ip D is 
divergent both at q = — 00 and q = +00. Let us consider the real ratio 






w = 



Cip D + Dip ' 
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where AD - BC ^ 0. Since ip G L 2 (R), we have 

lim w = lim ^ - — ^ = — , (55) 

that is ty(— oo) = u>(+oo). In the case in which C = we have 

r r A ^ 4. 

lim w = lim = ±e ■ oo , 

q— >±oo g^±oo £/0 

where e = ±1. The fact that Aip D / Dip diverges for q — > ±oo follows 
from the mentioned properties of ip D and ip. It remains to check that if 
linig^-oo Aip D / Dip = — oo, then \im q _, +00 Aip D / Dip = +oo, and vice versa. 
This can be seen by observing that 

ri 

ip D {q) = cip{q) I dxip~ 2 {x) + dip(q) , 
J go 

c G M\{0}, del. Since ip G L 2 (R) we have ip~ l £ L 2 (R) and /+°° dxip- 2 = 
+oo, J~°° dxip~ 2 = — oo, implying that oo)/ip{— oo) = — e ■ oo = 

— ip D (+oo)/ip(+oo), where e = sgnc. 

We now show that the existence of an L 2 (M) solution of the SE is a nec- 
essary condition to satisfy the joining condition (|53|). We give two different 
proofs of this, one is based on the WKB approximation while the other one 
uses Wronskian arguments. In the WKB approximation, we have 

A— — f q dxK B— f q d,XK , , 

ip = —=e Jq - + —=e iq - , q < <?_ , (56) 

' K \/K 



and 

a+ - r b+ p dxK , . 

^ = —^e Jq + + -^e JlJ + , q > g+ . (57) 



In the same approximation, a linearly independent solution has the form 

n A^ — f q dxn B^ f q dxK 

ip = —=e Jq - H e Jq ~ , 

' K K 



Similarly, in the q ^> q + region we have 



dxK B" f q dxK 

ip = —^e Jq + + -^e J,J + , g > g 4 
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Note that (|5(jj) and (foT|) are derived by solving the differential equations 
corresponding to the WKB approximation for g C g_ and q^> q + , so that 
the coefficients of Kf^expi J^_dxn, e.g. A_ and 5_ in (jo^|) . cannot be 
simultaneously vanishing. In particular, the fact that ib D gfc ip yields 

A_B D - A D B- j£ , A + B° - A°B + + . (58) 

Let us now consider the case in which, for a given E satisfying (|2*H|) . any 
solution of the corresponding SE diverges at least at one of the two spatial 
infinities, that is 

lim (|V>(- g )| + |V>(g)|) = +oc. (59) 

This implies that there is a solution diverging both at q = — oo and q = +oo. 
In fact, if two solutions and ip2 satisfy oo) = ±oo, ^i(+oo) ^ ±oo 
and ip2(— oo) 7^ ±oo, ip2(+oo) = ±oo, then ipi + ?/> 2 diverges at ±oo. On the 
other hand, (Jo'Hj) rules out the case in which all the solutions in their WKB 
approximation are divergent only at one of the two spatial infinities, say — oo. 
Since, in the case (J2*3|) . a solution which diverges in the WKB approximation 
is itself divergent (and vice versa), we have that in the case (|23|) . the fact that 
all the solutions of the SE diverge only at one of the two spatial infinities 
cannot occur. 

Let us denote by ip a solution which is divergent both at — oo and +oo. In 
the WKB approximation this means that both A_ and B + are non-vanishing, 
so that 

A_ - f q dxn , B. f q dxK 

ib ~ —=e Jq - , ib ~ — =e Jq + 

The asymptotic behavior of the ratio ib D /ib is given by 

, i) D A D , tb D B° 
hm = — — , hm = — — . 

Note that since in the case at hand any divergent solution also diverges in the 
WKB approximation, we have that (p)9"j) rules out the case 

A D = B D = Q 

Let us then suppose that either A°_ = or B+ = 0. If A°_ = 0, then 
w(— oo) = 7^ w(+oo). Similarly, if B? = 0, then w(+oo) = ^ w(— oo). 
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Hence, in this case w, and therefore the trivializing map, cannot satisfy (|53|). 
On the other hand, also in the case in which both A® and are non- 
vanishing, w cannot satisfy Eq. (|53~j) . For, if A^/A- = B+/B + , then 



would be a solution of the SE whose WKB approximation has the form 

B_ f q d,XK 

- j=e J "- , q < g_ , 



and 

- -=e Jq + , g > g_i 



Hence, if t4^/v4_ = B® / B + , then there is a solution whose WKB approxima- 
tion vanishes both at — oo and +00. On the other hand, we are considering 
the values of E satisfying Eq. (|23|) and for which any solution of the SE has 
the property ()59j1 . This implies that no solutions can vanish both at —00 
and +00 in the WKB approximation. Hence 

AR B°_ 
A_ ^ B + ' 

so that w(— 00) 7^ w(+oo). We also note that not even the case w(— 00) = 
±00 = —w(+oo) can occur, as this would imply that v4_ = B + = 0, which in 
turn would imply, against the hypothesis, that there are solutions vanishing 
at q — ±00. Hence, if for a given E satisfying (J23j) . any solution of the 
corresponding SE diverges at least at one of the two spatial infinities, we have 
that the trivializing map has a discontinuity at q = ±00. As a consequence, 
the EP cannot be implemented in this case so that this value E cannot belong 
to the physical spectrum. 

Therefore, the physical values of E satisfying (|2*3*j) are those for which 
there are solutions which are divergent neither at —00 nor at +00. On 
the other hand, from the WKB approximation and (}2~3*j) . it follows that the 
non-divergent solutions must vanish both at —00 and +00. It follows that 
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the only energy levels satisfying the property (|23|) . which are compatible 
with the EP, are those for which there exists the solution vanishing both at 
±00. On the other hand, solutions vanishing as k~ 1 / 2 exp J 9 _ dxn at —00 and 



K ' exp — f£ dxn at +00, with P± > 0, cannot contribute with an infinite 
value to f_ ™ dxip 2 . The reason is that existence of the QSHJE requires that 
{e"R 5o ,g} be defined and this, in turn, implies that any solution of the SE 
must be continuous. On the other hand, since if) is continuous, and therefore 
finite also at finite values of q, we have dxip 2 < +00 for all finite q a and 
(#>. In other words, the only possibility for a continuous function to have a 
divergent value of f^™ dxip 2 comes from its behavior at ±00. Therefore, since 
the implementation of the EP in the case (}2*3"j) requires that the corresponding 
E should admit a solution with the behavior 

dxn 

ip ~ —=e q - , ip ~ -^=e q + , 



we have the following basic fact 
The values of E satisfying 

ni)-E>\ (60) 
[ P 2 > , q > q+ , 

are physically admissible if and only if the corresponding SE has an L 2 (IR) 
solution. 

We now give another proof of the fact that if W is of the type (J6U|) . then 
the corresponding SE must have an L 2 (R) solution in order to satisfy (|53|). 
In particular, we will show that this is a necessary condition. That this is 
sufficient has been already proved above. 

By Wronskian arguments, which can be found in Messiah's book [7j, imply 
that if V(q) - E > Pi > 0, q > q + , then as q — ► +00, we have (P + > 0) 

— There is a solution of the SE that vanishes at least as e~ p+q . 

— Any other linearly independent solution diverges at least as e p+q . 
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Similarly, if V(q) — E > P 2 > 0, q < g_, then as q — > — oo, we have (P_ > 0) 

— There is a solution of the SE that vanishes at least as e p - q . 

— Any other linearly independent solution diverges at least as e~ p ~ q . 

These properties imply that if there is a solution of the SE in L 2 (M), then 
any solution is either in L 2 (M) or diverges both at — oo and +00. Let us show 
that the possibility that a solution vanishes only at one of the two spatial 
infinities is ruled out. Suppose that, besides the L 2 (M) solution, which we 
denote by ipi, there is a solution ip 2 which is divergent only at +00. On the 
other hand, the above properties show that there exists also a solution ip 3 
which is divergent at —00. Since the number of linearly independent solutions 
of the SE is two, we have ^3 = Aipi + Bip 2 - However, since ipi vanishes both 
at —00 and +00, we see that ^3 = Aipi + Bip2 can be satisfied only if ^2 and 
■03 are divergent both at —00 and +00. This fact and the above properties 
imply that 

// the SE has an L 2 (R) solution, then any solution has two possible asymp- 
totics 

— Vanishes both at —00 and +00 at least as e p ~ q and e~ p+q respectively. 

— Diverges both at —00 and +00 at least as e~ p ~ q and e p+q respectively. 

Similarly, we have 

// the SE does not admit an L 2 (R) solution, then any solution has three 
possible asymptotics 

— Diverges both at —00 and +00 at least as e~ p ~ q and e p+q respectively. 

— Diverges at —00 at least as e~ p - q and vanishes at +00 at least as e~ p+q . 

— Vanishes at —00 at least as e p - q and diverges at +00 at least as e p+q . 
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Let us consider the ratio w = ip D /ip in the latter case. Since any different 
choice of linearly independent solutions of the SE corresponds to a Mobius 
transformation of w, we can choose 



iP° ~ a.e p ~ q , i) D ~ a+e p+q 

' oo 



and 



ip ~ „ b_e~ p ' q , ip _ ~ 6+e- p+,? 



were by ~ we mean that ip D and ip either diverge or vanish "at least as'' 
Their ratio has the asymptotic 

fL „ c _ e 2P-^ , ^ ~ c + e 2P +^±oc 
ip q^~oo ip q- • ' ~ 



oo ■ ' 



so that w cannot satisfy Eq.([53J). This concludes the alternative proof of the 
fact that, in the case ()f)()jl . the existence of the L 2 (M) solution is a necessary 
condition in order (|5H|) be satisfied. The fact that this is a sufficient condition 
has been proved previously in deriving Eq. (j55j) . 

The above results imply that the usual quantized spectrum arises as a 
consequence of the EP. 

Let us note that we are considering real solutions of the SE. Thus, ap- 
parently, in requiring the existence of an L 2 (M) solution, one should specify 
the existence of a real L 2 (M) solution. However, if there is an L 2 (M) solution 
ip, this is unique up to a constant, and since also ip G L 2 (R) solves the SE, 
we have that an L 2 (1R) solution of the SE is real up to a phase. 



5 The two— particle model 

The EP leads to the introduction of length scales [T] 013, a fact related to 
the nontriviality of the quantum potential, even in the case of W°. We note 
that also So, as follows by the EP, is never trivial, in particular 

So ^ cnst , VW G Ti . (61) 
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The QSHJE (|21|) . first investigated by Floyd in a series of important 
papers [S], has been studied and reviewed by several authors P][TU]. 
The real solution of the QSHJE (|21|) is 



fS {5} 



= e 



5 = {a,l}, 



w — i£ 



with a G K and £ — l\ + i£2, £\ 7^ 0, are integration constants. The condition 
£\ 7^ is necessary for So and the quantum potential Q to be well-defined. 

The formulation has a manifest duality between real pairs of linearly in- 
dependent solutions [T], a property strictly related to Legendre duality [TT] 
(see [T2] for related issues). A similar structure also appears in uniformiza- 
tion theory of Riemann surfaces Whereas in the standard approach 

one usually considers only one solution of the SE, i. e. the wave-function it- 
self, in our formulation the relevant formulas contain the linear combination 
%]) D + Hi]). Since £\ ^ 0, i) D and V appears always in pair. So, Legendre 
duality, nontriviality of S and Q are deeply related features which are direct 
consequences of the EP. In turn, these properties imply the appearance of 
fundamental constants such as the Planck length PQ[2][II|- The simplest way 
to see this is to consider the SE in the trivial case, that is d^tp = 0, so that 
ip D — q Q , t]) = 1 and the typical combination reads go + Ho, implying that 
£0 = £ should have the dimension of a length. The fact that £ has the dimen- 
sion of a length is true for any state. Since £ appears in the QSHJE with 
W° = 0, the system does not provide any dimensional quantity, so that we 
have to introduce some fundamental length. The appearance of fundamental 
constants also arises in considering the limits h — > and E — > in the case of 
a free particle pQ. So, for example, a consistent expression for the quantum 
potential associated to the trivial state W°, which vanishes as h — > 0, is 




h 3 G 1 



2mc 3 I go — i\ 



where 
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is the Planck length. However, in considering the classical limit of the reduced 
action one should include the gravitational contribution. So, for example, 
it is clear that also at the classical level the reduced action for a pair of 
"free" particles should include the Newton potential. This may be related 
to the above mentioned appearance of fundamental constants in the QSHJE 
PPPUHl- Related to this is the Floyd observation that in the classical limit 
there is a residual indeterminacy depending on the integration constants [S] . 
Thus we see that the classical limit may in fact lead to some effect which is 
of quantum origin even if h does not appear explicitly. We also note that, in 
principle, the Planck constant may appear in macroscopic phenomena. This 
indicates that it is worth studying the structure of the quantum potential 
also at large scales. 

It seems that the fundamental properties of Q have not yet fully been in- 
vestigated because the usual solutions one finds are essentially trivial. This 
is due to a clearly unsatisfactory identification, that may lead to some incon- 
sistency, of Re% So with the wave-function. As noticed by Floyd jH], if 

Re* s ° , 

solves the SE, then the wave-function has the general form R(Ae~^ s ° + 
BeTi So ). This simple remark has important consequences. So, for example, 
note that a real wave-function, such as the one for bound states, simply 
implies \A\ = \B\ rather than So = 0. As Einstein noticed in a letter to 
Bohm, the latter would imply that a quantum particle in a box is at rest 
and starts moving in the classical limit. Therefore, besides the mathematical 
consistency, identifying the wave-function with Re^ s ° cannot in general lead 
to a quantum analog of the reduced action. This change in the definition of Sq 
implies a new view of Q which needs to be further investigated. In this respect 
we note that Q provides particle's response to an external perturbation. For 
example, in the case of tunnelling, where according to the standard definition 
Sq would be vanishing, the attractive nature of Q guarantees the reality of the 
conjugate momentum PQ. As a consequence, the role of this intrinsic energy, 
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which is a property of all forms of matter, should manifest itself through 
effective interactions depending on the above fundamental constants. 

It is therefore natural to consider the so called two-particle model [3], 
consisting of two free particles in the three dimensional space. This provides a 
simple physical model to investigate the structure of the interaction provided 
by Q. The QSHJE decomposes in equations for the center of mass and for 
the relative motion. The latter is the QSHJE 

i< v5 »> 2 - £ -!^ ' v.(rfv&) = o, 



where 



r x — r 2 , m 



mi + 7«2 

Due to the quantum potential, the QSHJE has solutions in which the relative 
motion is not free as in the classical case. Also note that the quantum 
potential is negative definite. Since ip = Re^ So is a solution of the SE, we 
have 



so that 



where 



S = A ln(WV) , 



oo I 2 

^ = 53 ^2 c imjRkij(r)Y lm (9,(j)) , 

1=0 m=-lj=l 

with Y [m the spherical harmonics and Rkij the solutions of the radial part of 
the SE 0. 

As m = I — > oo P{ oc sin z 9 vanishes unless 9 = tt/2, and the motion is on 
a plane as in the classical orbits. However, since \imi^ 00 dgPl(cos9) = 0, we 
have 

lim ^"(costf) = . 

Thus, considering solutions with ci m j ^ only for sufficiently large m and I, 
we have 

V-0= X] [ c lmjR'hlj Y lm,Q,-ClmjRklj'rriYi r 
{Imj} V r 
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Depending on the coefficients Q mj -, (VSq) 2 /2m may contain nontrivial 
terms which do not cancel as h — > 0. These may arise as a deformation 
of the classical kinetic term, which includes the centrifugal term. The ci m j, 
which may depend on fundamental constants, fix the structure of the possible 
interaction in the two-particle model. The Ci m j may be related to some 
boundary conditions implied by the geometry and the matter content of the 
three-dimensional space. This would relate the fundamental constants to 
possible collective effects |3] which may depend on cosmological aspects. 
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